The perturbation and the variational-perturbation methods are applied for calculating the partition function of one-dimensional oscillators with anharmonicity x 2n . New formally simple expressions for the free energy and for the Rayleigh-Schrödinger energy corrections are derived. It is shown that the variational-perturbation method overcomes all the deficiencies of the conventional perturbation method. The results of fifth-order numerical calculations for the free energy of the quartic, quartic-sextic, and octic anharmonic oscillator are highly accurate in the whole range of temperatures. 
Introduction
The anharmonic potential proves to be very useful to model phenomena in nuclear physics, solid state physics, molecular-atomic physics, and laser theory. Therefore, anharmonic systems have been studied extensively both by analytical and numerical methods. These developments were triggered by the demonstration that the Rayleigh-Schrödinger perturbation series for the simple system of the quartic anharmonic oscillator diverges even for small values of the coupling constants [1] . Many techniques have been developed for determining the energy spectra of various anharmonic oscillators. Highly accurate approximations have been achieved by the use of the Hill determinant [2] [3] [4] [5] [6] , the Bargmann representation [7, 8] , the coupled cluster method [9] [10] [11] , the variational (optimized) perturbation expansion [12] [13] [14] [15] , and many others approaches [16] [17] [18] [19] [20] [21] .
For an approximate description of the thermal equilibrium, the thermodynamic perturbation theory based on the Schwinger trace formula [22] has been developed [23, 24] . The method has been applied for computing the partition function of various anharmonic oscillators up to third order [25] . It has been shown that the results obtained agree with the exact ones only in a limited range of temperatures, which shrinks with increasing value of the anharmonic couplings. A much better description is obtained, using the slightly modified perturbation theory with a variational frequency parameter introduced in the unperturbed Hamiltonian [26] [27] [28] [29] [30] [31] [32] [33] [34] . In this paper, we pursue the study of the perturbation method up to fifth order, presenting the formal formulas for the partition function of anharmonic oscillators with arbitrary polynomial potentials. Using the quartic oscillator example, we discuss two ways of deriving approximations to the free energy: from the partition function (PF) truncated at given order and from the given order formula for the free energy (FE). The fifth-order results of both methods are shown to be similar only for small values of the coupling in a narrow range of temperatures. We show how the formulas for the partition function can be used to derive new formal forms of Rayleigh-Schrödinger (RS) corrections to bound-state energies. Later, we consider the third method of approximating the free energy, based on calculating the partition function as a sum of Boltzmann factors with RS eigenvalues. We show that deficiencies of the perturbation method for the quartic oscillator persist in all of the three formulations: the differences between the results of the PF, FE, and RS methods and the deviations from the exact free energy increase with increasing order calculation. The difficulties are overcome by the variational improvement of perturbation theory. We demonstrate that the variational-perturbation results of the three methods (PF, FE, and RS) of approximating the free energy appear very similar in the broad range of temperatures, the RS approximation being the most accurate. The approximations to the energy eigenvalues become systematically improved in higher orders and the relative errors in the fifth order are between 10 −2 and 10 −7 , depending on the temperature and on the value of the coupling constant.
The paper is organized as follows. In Sect. 2, we present the formal perturbation formulas for the partition function of anharmonic oscillators. We discuss the PF and FE methods of approximating the free energy on the quartic oscillator example. In Sect. 3, the formal forms of the RS corrections to bound-state energies are derived and the RS approximations to the free energy are obtained. In Sect. 4, the formulas of optimized perturbation theory are presented and calculations of the free energy up to fifth order are performed for the quartic, quartic-sextic, and octic anharmonic oscillator.
Perturbation expansion of the free energy
Let us consider a one-dimensional system with a Hamiltonian given by
where the unperturbed Hamiltonian is that of the harmonic oscillator with frequency ω
and the perturbation potential is given by a polynomial
with constant coefficients d κ , and κ being even numbers. The parameter ε has been introduced to identify the order of the perturbation and has to be set equal to one at the end. The partition function of the system can be defined as the trace of density operator, that is
where β is the inverse temperature. In refs. 25 and 30, it has been shown that the thermodynamic perturbation theory can be formulated in a way that greatly facilitates numerical calculation. The expansion of (2.4) in powers of ε has been represented by a formally simple expression
where
is the partition function of the unperturbed system,
and
The expressions V {ν} (Q) are defined as follows:
where * symbolizes an unconventional multiplication that obeys the following rules:
for example, the expression
represents the equation 
where ρ 0 is the density matrix corresponding to the Hamiltonian H 0 . For analytical calculation of traces we use the formulas (2.17) and the symbol N denotes the normal ordering of operators. The products of the operators in (2.16) are calculated by successive application of the formula given in ref. 35 Mx
With the help of the above relations, the terms of the series for the partition function (2.5) can be determined to the required order. The free energy F (β) = 1/β ln Z (β) can be approximated in two ways. One way is to use the finite order truncation, Z [i] , of the series for the partition function (2.5), to calculate the ith order approximation to the free energy via the form
On the other hand, the perturbation formula can be obtained directly for the free energy, by expanding the logarithm with respect to , that is
The finite-order truncation of the above formula
FE is equivalent to the perturbation expression for the free energy, which can be derived by diagrammatic techniques of field theory [27] , but it proves more efficient in the numerical evaluation of higher order terms.
As an example, we discuss here the perturbation expansion up to fifth order, for the quartic oscillator with the anharmonic potential V (x) = λx 4 . In this case, the coefficients V {ν} (Q) are given by
with the expressions for the products of Q given in the Appendix.
In the numerical calculations, we take the harmonic frequency ω = 1 and discuss the dependence on the parameter ω = 1 that measures the relative strength of anharmonicity. The fifth-order perturbation approximations to the free energy, obtained with the use of both the PF definition (2.19) and FE definition (2.20) , are compared with the exact results in Fig. 1 . The exact free energy has been calculated numerically, using the energy eigenvalues determined by the optimized Rayleigh-Ritz method [36] . First, we observe that the F PF and F FE functions follow the exact free energy, only if the coupling constant λ is quite small, and only in the range of mediocre temperatures. In the case when the coupling constant is large, for example, λ = 0.3, the PF method cannot be applied, since the partition function Z [5] (β) is always negative, and the free energy F PF cannot be defined. At smaller coupling constant, for example, λ = 0.1, the partition function is positive only between the two roots (β 1 = 2.5907 and β 2 = 11.3214) and the approximation to the free energy F PF (β) is defined only in this range of temperatures. At still smaller coupling constant, for example, λ = 0.01, there is only one root of Z [5] (β), on the right of which F PF (β) is defined, but the deviations from the exact result increase for decreasing temperature (β → ∞). The FE method performs better, since the function F FE (β) is well defined at all temperatures, and proves to be closer to the exact free energy than F PF (β) in the whole range of temperature. However, even at small values of λ, the function F FE (β) diverges at high temperatures (β → 0), which reflects the asymptotic character of the perturbation expansion, in agreement with the observation that the spectrum is dominated by the anharmonic part of the potential, as the system approaches a classical behavior [37] . At intermediate and low temperatures, the F FE curve follows the exact free energy, but the agreement spoils with increasing value of λ.
Rayleigh-Schrödinger energy corrections
It is interesting to observe, following the Fernández idea [37] , that the formal expressions for the partition function (2.5) can be conveniently utilized for determination of Rayleigh-Schrödinger corrections to the energy eigenvalues of the system considered, by representing the eigenvalues E n , as a power series in a parameter ε 
is the nth energy eigenvalue of the unperturbed system H 0 , and ν E n , ν = 1, 2, 3,…are the RayleighSchrödinger corrections, and expanding the partition function into a power series in ε
we obtain [38] 
Because of the form of (3.1), the coefficients of ε λ in (3.4) are the series of the linearly independent functions e −βωn , βe −βωn , β 2 e −βωn , · · · with n = 0, 1, 2,…. Equating the above coefficients with the corresponding ones in (2.5) yields the following relations:
Expanding the second term of these equations with respect to the linearly independent set e −βωn , and comparing the coefficients of like powers of e −βω , the perturbation corrections for each energy eigenvalue can be determined. With the above coefficients denoted as
the energy corrections, determined from the relations (2.7)-(2.9) and (3.6)-(3.8), can be represented by formally simple expressions
where the L-functions have the same properties as the Q-functions. The above expressions allow an easy derivation of the perturbation corrections to the energy eigenvalues for an arbitrary anharmonic potential of the polynomial form. The first energy correction is easily determined from (2.7) for an arbitrary κ in an analytic form
Next corrections can be determined using algebraic programming. In the case of the quartic anharmonic oscillator (κ = 4) we have
with the L-coefficients presented in the Appendix. The approximations to the free energy can be obtained via
RS (β) (3.13) where the partition function Z
RS (β) is calculated as a sum over the states (3.3) with the RayleighSchrödinger approximations to the energy eigenvalues, E
RS (β) is always positive, thereby the free energy (3.13) is defined for any value of temperature. In Fig. 1 , the F [5] RS (β) function is shown in comparison with F [5] PF (β), F [5] FE (β) and the exact free energy. We observe that the F RS approximation performs better than F PF and F FE in the whole range of λ and β. However, one has to admit that such a good agreement is obtained only in odd orders of the perturbation method. In even orders, the RS energy eigenvalues become negative at sufficiently large coupling constant, and the value, at which this happens, decreases with increasing calculation order. Another symptom of the breakdown of perturbation theory is the fact that the three perturbation expansions (2.19), (2.20) , and (3.13), truncated at the same order, provide very different results (F PF , F FE , and F RS ). One has to stress that none of the methods is able to provide reliable approximations to the free energy, even in the case of very small anharmonicity.
Optimized perturbation theory
This is not too well-known that a powerful approximation method, called variational or optimized perturbation theory, can be obtained by a simple modification of perturbation approach [12] [13] [14] [15] . The Hamiltonian of the system considered
is modified by adding and subtracting the term ω 2 x 2 /2 and an unconventional splitting
where the unperturbed part has a form of the harmonic oscillator with an arbitrary frequency parameter ω
and the perturbation part is also ω-dependent
Approximations are obtained by truncating the series for the quantity of interest at a given order in ε, and setting ε = 1. Since the modified perturbation term (4.4) has a polynomial form of (2.3), the formulas for the partition function and the energy eigenvalues can be derived in the same way as discussed in Sect. 3. For the quartic anharmonic oscillator, the successive coefficients V {ν} (Q) are obtained in the form 
The formulae for ν E n are given by (4.5)-(4.9) with the Q k 1 k 2 ···k ν -functions replaced by the L k 1 k 2 ···k ν -coefficients, respectively. All the necessary products of Q and L are presented in the Appendix.
At any finite order, the approximate expressions depend on the arbitrary parameter ω, in contrast to the exact result, which does not depend on this parameter. The freedom of choosing the value of ω is used to advantage in formulating the variational-perturbation theory [12] [13] [14] [15] . According to Stevenson's principle of minimal sensitivity (PMS) [39] , the value of ω is chosen so that the approximate expression is insensitive to small variations of this parameter, i.e., the dependence on ω is as flat as possible. The variational-perturbation methodology has been successfully applied for calculating the energy eigenvalues to high orders [12, 13] . The first-order expressions have been obtained for the partition function [26] . The free energy, not very well described in the first order [28, 29] , has been shown to improve noticeably in the second and third order [27, 33] . Here, we extend the calculation of the free energy to the fifth order, considering the three methods of deriving the approximate result, namely, calculating F PF (β), F FE (β), and F RS (β), as they are defined in (2.19), (2.20) , and (3.13), respectively. One should note that the variational-perturbation expression for F FE (β) agrees with those derived with diagrammatic techniques up to the third [27] and fourth order [34] . Approximations to F FE (β) are also discussed in ref. 40 , where the perturbation expansion of the imaginary-time evolution amplitude was derived in a recursive way. The coefficients of the recursion formulas were used to obtain the variationalperturbation results up to fifth order for the quartic oscillator; however, the explicit formulas for the free energy were not obtained. In our approach, the formulas for F PF (β) and F FE (β) up to fifth order can be easily derived with the use of (4.1)-(4.9). In each order calculation, the application of the minimal sensitivity condition to the F PF (β) and F FE (β), determines the arbitrary frequency ω as a function of the temperature. In the RS method, the optimized value of ω is temperature independent but fixed for each energy level independently. The RS method seems to be more complicated, as the summation over many optimized states has to be performed for determining the partition function, but the optimization conditions are easier to analyze, because the polynomial equations can be solved with the Mathematica command NSolve instead of FindRoot that is necessary in the PF and FE methods.
In Fig. 2 , the fifth-order results of the above calculations are plotted in comparison with the exact free energy of the quartic oscillator. A comparison with the results of the conventional perturbation theory (Fig. 1) shows that the optimization procedure has significantly improved the accuracy in the whole range of temperature, both for small and for large values of the parameter λ. Also the discrepancies between the results of the PF, FE, and RS methods have been greatly diminished, which can be attributed Table 1 . The five successive variational-perturbation approximations F [1] , F [2] , F [3] , F [4] , F [5] , to the free energy of quartic, quartic-sextic, and octic anharmonic oscillators, as calculated from the PF, FE, and RS methods at various values of the coupling constant λ. to the fact that the optimization procedure improves the convergence properties of the approximation scheme. One can see that the convergence of the above scheme for F FE (β) is much quicker that those obtained in the variational expansion of Lu et al. [34] , where ω(β) has been fixed so as to minimize the first-order expression for the free energy, and used as an optimal frequency in higher order calculations. In our scheme, the minimal sensitivity condition is applied to each order approximation for F FE (β), and the optimal frequency ω(β) changes from order to order. We performed a similar calculation for the quartic-sextic anharmonic potential
and for the octic potential
Numerical results of the PF, FE, and RS methods for the free energy of the oscillators above are listed in Table 1 at various temperatures. For determination of the optimal ω, the condition for vanishing for the first derivative of the F -functions in odd-order approximations, and of the second derivative in even-order approximations, except in a few cases, is indicated by (3) in Table 1 , where the third derivative has been used. One can observe how successive order approximations of the PF, FE, and RS method approach the exact free energy. In all orders, the FE and RS methods give much better results than those obtained using the PF method. The function F PF (β) shows a wrong asymptotic behavior for small temperatures, namely, it diverges for β > β 0 , where β 0 corresponds to the minimum of internal energy, according to the criterion of decreasing internal energy [30] . At low temperatures (β → ∞), the functions F FE (β) and F RS (β) have exactly the same form, approaching the variational-perturbation approximation to the ground-state energy. At high temperatures (β → 0), the function F FE (β) diverges to negative infinity for even-order approximations and to positive infinity for odd-order approximations, the RS method proves to agree better with the exact free energy, which can be attributed to the fact that optimization of the frequency parameter in this method is performed independently for individual energy levels. This is particularly clearly visible for the octic anharmonic oscillator in Fig. 3 . 
Conclusion
In this paper, we derive the perturbation expansion of the partition function for a general class of oscillators with a polynomial anharmonic potential, providing a formally simple formula for an arbitrary order term. Similar formulas have also been obtained for the optimized perturbation expansion with a frequency variational parameter. The above expansions for the partition function have been used to obtain the formal formulas for energy levels and the free energy in perturbation and variationalperturbation theory. We discussed the three methods of calculating the free energy: from the partition function expansion (PF), from the free energy expansion (FE), and from the sum over states definition of the partition function (RS).
Numerical results have been discussed up to fifth order of the perturbation and variational-perturbation theory, in the case of quartic, quartic-sextic, and octic anharmonic oscillators. The divergent character of perturbation theory shows up in calculating the free energy, since the PF, FE, and RS methods yield very different results that deviate from the exact results, especially strongly at high temperatures. The deficiencies of the perturbation theory are overcome in the variational-perturbation approach, which provides highly accurate approximations to the free energy of the oscillators considered. The fifth-order results of the FE and RS methods are similar to each other and agree well with the exact free energy in the broad range of temperatures. The PF method is much worse and should be avoided, the choice has to be made thus between the RS and FE methods. Although the results of the RS method are the most accurate in the whole range of temperature, the FE method is more elegant, since summation over states is avoided, and only one function of a compact form has to be analyzed to determine the optimal frequency. The fact that the optimal frequencies change from order to order is crucial for convergence of both approximation schemes.
The operator method of deriving the perturbation expansion elaborated in this paper can be very useful in studying the extensions to multidimensional problems. The main advantage of the method is that the perturbation formulas, for both the energy eigenvalues and the free energy, can be determined to any order without necessity of summation over intermediary states, which circumvents possible degeneracy complications. This makes the task of determining the accurate energy spectrum and the study of thermal properties of multidimensional systems feasible within the variational-perturbation theory. We shall discuss this issue in a separate publication. 
The L coefficients that appear in (3.11) have the form 
